On the two-dimensional non-linear Σ-model describing a ferromagnet with DzyaloshinskiiMoriya interaction, we build three families of exact static solutions depending on a single Cartesian variable. One of them describes a clockwise helix configuration, that characterizes the ground state of the system. A second one corresponds to a counterclockwise helix, representing an excited state. These two families of solutions are parameterized by a continuous parameter that depends on the magnetic field and the Dzyaloshinskii-Moriya coupling.
I. INTRODUCTION
Spin textures have been a subject of intense scrutiny in the last years. This is partially due to the realization that localized spin structures with non-trivial topological properties can be globally stabilized by a Dzyaloshinskii-Moriya interaction. In particular, configurations known as magnetic Skyrmions have been found [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] in materials such as MnSi, Mn 1−x Fe x Ge, FeGe, Fe 1−x Co x Si, GaV 4 S 8 and Cu 2 SeO 3 .
When the Skyrmion density is high enough, Skyrmions get packed into a Skyrmion lattice structure. Such non-ionic lattice has non-standard phononic degrees of freedom, that could mediate High-T c superconductivity without an isotopic effect 16 . The Skyrmion lattice is stable at an intermediate range of magnetic fields at sufficiently low temperatures, degenerating into the ferromagnetic phase at high magnetic fields, and into a configuration depending on a single spatial direction known as helix at low magnetic fields 17 .
The dynamics of a ferromagnetic spin system is modeled in the continuum limit with a non-linear Σ-model. The Dzyaloshinskii-Moriya interaction shows up as a parity breaking term coupling spatial and internal directions. The phases are generically studied in terms of approximate solutions by means of a variational approach, both for the Skyrmion lattice phase and the helix phase 18, 19 . Even if the helix phase can be treated exactly 20 , no analytic solution is known at present for the Skyrmion lattice configuration.
In the present note we explore exact solutions of the non-linear Σ-model with a Dzyaloshinskii-Moriya term, concentrating in solutions with non-trivial topology depending on a single spatial dimension. Along with the previously known helix solutions, we find an additional family that we call Viviani solutions. They exist at isolated values of the magnetic field, and result into a very interesting structure of the energy spectrum.
The paper is organized as follows: in Section II we write the Hamiltonian of the model to be minimized by the classical solutions and define a useful parameterization of the dynamical variables. In Section II A we review the known exact helix solutions of the equations of motion. In Section II B we present the new solutions and study their properties. Finally, in Section III we analyze the resulting energy spectrum and discuss its implications.
II. THE NON-LINEAR Σ-MODEL AND THE FIELD EQUATIONS
The Hamiltonian for a ferromagnetic system with Dzyaloshinskii-Moriya interaction in the continuum limit reads
where J is the exchange contribution, D is the Dzyaloshinskii-Moriya coupling and B a is an external magnetic field that we specialize to the z-direction B a = δ za B. Here λ is a Lagrange multiplier ensuring that the field n a lives in a target unitary sphere.
For non-vanishing B, we rewrite the above Hamiltonian in a simpler form using the re-scalings x i = 2Dx i /B, obtaining
where p = 4D 2 /BJ is the only parameter characterizing the model, and the Lagrange multiplier λ has been re-scaled accordingly. The resulting field equations read
We will solve the above set of equations in a square box in the x i = (x, y) plane with sides (L x , L y ), imposing periodic boundary conditions.
We are interested in configurations depending on a single Cartesian variable that we choose as x. In other words, we particularize the equations of motion to the Ansatz n a = n a (x), obtaining
where a prime ( ) denotes derivative with respect to x. These equations can be written explicitly in components, as
The above expressions suggest a particularly useful parameterization of the fields, defined as n x = X and Z = n y + in z . In terms of it, the equations read
In what follows, we will search for solutions X(x), Z(x) of these equations, with the condi-
and where λ and X are reals.
In order to compare the energies of the different solutions, we need an expression for the on-shell form of the Hamiltonian. The Hamiltonian evaluated on configurations depending on a single Cartesian variable reads
dx n a n a + p − xab n a n b − 2 δ za n a − λ (n a n a − 1) .
Integrating by parts in the first term and using the equations of motion, we get to
or, in terms of our parameterization
There is an interesting analogue of the reduced Hamiltonian in terms of a charged particle under an electric and a magnetic field, constrained to move on a S 2 . Indeed, such dynamics is described by the following action
that can be mapped into (9) making the identifications
A. Helix solutions
We first look for solutions located at a meridian of the internal sphere perpendicular to the n x direction. In other words, we use the Ansatz
As it develops in the x direction, the extreme of the vector n a traces a spring form that we call the helix. Plugging the Ansatz into the equations of motion, they become
The second equation implies that Z is a phase, while the first can be multiplied by Z * and then easily solved for λ. We get
This is a valid solution of the equations for any function ϕ(x) but, in our case, we need also to ensure that the Lagrange multiplier is real, which imposes a condition on ϕ(x) via
This is the pendulum equation, that is solved in terms of elliptic functions
where Am[·, ·] represents the Jacobi Amplitude, and p 0 and x 0 are integration constants.
The ± sign determines the rotation of the vector n a around the x axis as we move along it, the − sign corresponding to a clockwise helix.
The resulting function Z is periodic, with period 2K(−p 0 ) p 0 /p, where K(·) is the Complete Elliptic Integral of the First Kind. This implies that the integration constant p 0 must satisfy
where m ∈ Z is an integer number representing the winding of the resulting helix around the x-axis. Notice that this makes p 0 a function of m and p. Plots of the resulting helix solutions with both chiralities and for different windings are shown in Fig.1 . They can be understood in terms of the electromagnetic analog proposed in section II: the combined analog electric and magnetic forces allow for a stable motion along the X = 0 meridian.
The on-shell Hamiltonian, when evaluated on the helix solutions takes the form
where E(·) is the Complete Elliptic Integral of the Second Kind. The important point is that, due to the Dzyaloshinskii-Moriya term, chirality is broken and the two helices have different energy. A plot of the resulting energies for different winding numbers is shown in Figs. 2 and 3 . 
B. Viviani solutions
Now we propose a different ansatz, in the form
with λ 0 a constant. When plugged into the equations of motion, we obtain
The first equation is solved by an oscillatory solution
where X 0 and δ are real integration constants. The second equation is solved by
where Z 0 is a complex integration constant and we assumed λ 0 = 0. The wavenumber β is
given by β ± = p/2 ± p 2 /4 + λ 0 . The last equation then becomes
and writing Z 0 = |Z 0 |e iϕ we get
To fulfill this last condition the coefficient of each linearly independent function must cancel.
In other words, the following set of equations must be satisfied
The last equation can be satisfied only by β + , and determines λ 0 = 4p 2 /9. The remaining equations are then solved as
Notice that, since we need |Z 0 | ≥ 0 and X 2 0 ≥ 0, meaningful solutions exist for p ≥ 9/2. The ± sign in X 0 resulting from the square root can be reabsorbed by a phase shift δ → δ + π, so we can fix it to be positive. The resulting solutions read
These are periodic solutions with period 3π/p, thus the boundary conditions imply p = 3kπ/L x with k ∈ Z. For any value of k the solution winds m = 2k times around the x axis.
Notice that these solutions exist only for discrete values of the parameter p. This may imply that they are truly isolated solutions, or that for other values of p their form is not captured by the degrees of freedom of our Ansatz.
On the target space, these kind of solutions represent the intersection of a circular cylinder of different radii whose axis lies along the x direction with the unit sphere, with the cylinder and the sphere being tangent at the south pole. The one for which the cylinder has radius 1/2 is called a Viviani curve 21 , and is a particular case of a class of curves known as Clélias 22 .
Plots of the solutions for different values of k are shown in Fig. 4 . The electromagnetic analog allows for an interpretation of the solutions: as the analog particle climbs the sphere from the southern pole pushed by the electric force, the magnetic force makes the trajectory to curve until it reaches a maximum latitude, and then turns back to the pole.
The on-shell Hamiltonian for the Viviani solutions can be easily written by replacing them into the form (11) of the Hamiltonian, obtaining
A plot of the resulting discrete energies can be seen in Fig. 5 . The number m = 2k determines the winding, being 2, 4, 6 from top to bottom. 
III. DISCUSSION
When the energies of all the three families are shown in the same plot as in Fig. 6 , an interesting structure appears. This structure includes approximate degeneracies and it can be explained analytically using our formulas above, as follows: In order to prove that analytically, notice that (19) has the trivial solution p 0 = 0 when the right hand side vanishes. Then, if the right hand side is small enough, we can expand the left hand side in powers of p 0 to linear order, and solve it as
With this, the on-shell energy (20) can be expanded as
which in the case of the clockwise helix (− sign) vanishes at p m 2mπ/L x .
• At p = p m , the energy of the clockwise helix with winding m = m coincides approximately with that of the counterclockwise helix with winding m = m − m.
In order to prove that, in the same approximation as before we write the energy of a helix with winding m as
Evaluating it at p m we get
Now if we put m = m with the − sign, we get exactly the same energy as putting m = m − m and the + sign, proving what was observed numerically.
• The energy of the Viviani solutions coincides approximately with that of the clockwise helix with the same winding number.
To verify that analytically, we write the energy (31) in terms of the winding m = 2k
in the form
where, recalling that Viviani solutions exists only for p = 3mπ/2L x , we discarded a constant term which is small under our present approximation. With such value of p this coincides with the form (33) with the − sign, corresponding to a clockwise helix.
• Viviani solutions with even k exist at p p m , with winding m = 2k that is a multiple Finally, at the points on the p axis where there is a Viviani solution with a winding m = 2k which is not a multiple of 4, its energy coincide with that of a clockwise solution.
This implies that there is a two fold degeneracy, suggesting that new solutions could exist a those points with the same energy as the remaining clockwise solutions.
In consequence, the structure of the energy spectrum suggests the existence of new hypothetical solutions at isolated points of the p axis. These solutions are not captured by the symmetries of our Ansatz, and that is why they were not found in our analysis. A more general Ansatz may provide solutions on the whole p axis that reduce to the isolated Viviani solutions or to the hypothetical new solutions at the particular values of p analyzed above. Since to the moment this conclusion is just a conjecture, further research is needed to determine whether this is the case. 
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